Using the São Paulo potential and the barrier penetration formalism we have calculated the astrophysical factor S(E) for 946 fusion reactions involving stable and neutron-rich isotopes of C, O, Ne, and Mg for center-of-mass energies E varying from 2 MeV to ≈18-30 MeV (covering the range below and above the Coulomb barrier). We have parameterized the energy dependence S(E) by an accurate universal 9-parameter analytic expression and present tables of fit parameters for all the reactions. We also discuss the reduced 3-parameter version of our fit which is highly accurate at energies below the Coulomb barrier, and outline the procedure for calculating the reaction rates. The results can be easily converted to thermonuclear or pycnonuclear reaction rates to simulate various nuclear burning phenomena, in particular, stellar burning at high temperatures and nucleosynthesis in high density environments.
I. INTRODUCTION
Nuclear reactions are extensively studied theoretically and in laboratory experiments. They are important for modelling many physical phenomena occurring in astrophysical environments, such as energy production and nucleosynthesis in stars at all stages of their evolution (e.g., Refs. [1] [2] [3] ). Nuclear reactions are important for the structure and evolution of main sequence and red giant stars, during the late pre-supernova phase of massive stars and during core-collapse supernova explosions.
Moreover, nuclear burning is also important in high-density stellar environments of white dwarfs and neutron stars which are compact stars at the final stage of their evolutionary development [4] . The burning drives nuclear explosions in surface layers of accreting white dwarfs (nova events), in cores of massive accreting white dwarfs (type Ia supernovae) [5, 6] , and in surface layers of accreting neutron stars (type I X-ray bursts and superbursts; e.g., Refs. [7] [8] [9] [10] ). The nova events and type I X-ray bursts are mostly produced by the burning of hydrogen in the thermonuclear regime, without any strong effect of plasma screening on Coulomb tunneling of the reacting nuclei. Type Ia supernovae and superbursts are driven by the burning of carbon, oxygen, and heavier elements (e.g., Refs. [7] [8] [9] [10] ) at high densities, where the plasma screening effect can be substantial. It is likely that pycnonuclear burning of neutron-rich nuclei (e.g., 34 Ne+ 34 Ne) in the inner crust of accreting neutron stars in X-ray transients [10] [11] [12] (in binaries with low-mass companions) provides an internal heat source for these stars. If so, it powers [13] thermal surface X-ray emission of neutron stars observed in quiescent states of X-ray transients (see, e.g., Refs. [10, 14, 15] ).
Nuclear fusion occurs in a wide range of temperatures and densities of stellar matter (at densities ρ < ∼ 10 10 g cm −3 in white dwarfs and at ρ < ∼ 10 13 g cm −3 in neutron stars). It can proceed in five regimes as described by Salpeter and Van Horn [16] (also see [17] [18] [19] [20] and references therein). These are two thermonuclear regimes (with weak and strong plasma screening), two pycnonuclear regimes (due to zero-point vibrations of atomic nuclei in crystalline lattice, with and without thermal effects in nucleus motion), and the intermediate thermo-pycnonuclear regime. The burning may involve many different, stable as well as very neutron-rich and unstable nuclei. Neutron-rich nuclei are especially important in deep neutron star crust, where they can be stabilized against beta-decay by the presence of the Fermi sea of highly energetic degenerate electrons [4, 21] .
The nuclear fusion rates depend directly on the reaction cross section which can be expressed in terms of the astrophysical factor S(E), with E as the center-of-mass energy of the interacting nuclei. Stellar burning often proceeds at low temperatures with sub-picobarn reaction cross sections that are usually not accessible by direct measurements in laboratory experiments. Therefore, it is necessary to calculate S(E) for the reactions of interest by a reliable theoretical method in the important energy range and approximate the data by analytical expressions for rapid conversion into thermonuclear or pycnonuclear reaction rates as outlined in our previous work [18] . In this paper, we calculate (Sec. II) the astrophysical factors S(E) for 946 fusion reactions involving different isotopes of C, N, O, Ne, and Mg (between the valley of stability and the neutron drip line) using the barrier penetration model and the São Paulo potential [22] . We approximate our results (Sec. III) by analytic expressions convenient for real time applications. A numerical example is discussed in Sec. IV; calculation of the reaction rates is outlined in Sec. V, and we conclude in Sec. VI.
II. CALCULATION OF ASTROPHYSICAL S-FACTORS
The cross section σ(E) for a fusion reaction of two nuclei,
at the center-of-mass energy E can be expressed in terms of the astrophysical factor S(E) by
where η = Z 1 Z 2 e 2 /( v) is the Sommerfeld parameter, v = 2E/µ the relative velocity of reacting nuclei at large separations, and µ the reduced mass. The factor exp(−2πη) comes from the probability of penetration through the Coulomb barrier V C (r) = Z 1 Z 2 e 2 /r with zero orbital angular momentum, ℓ = 0, assuming that the barrier extends to r → 0 (for point-like nuclei); 1/E factorizes out the well-known pre-exponential low-energy dependence of σ(E). The advantage of this approach is that S(E) is a much more slowly varying function of E than exp(−2πη) and σ(E). It is easier to extrapolate S(E) to low energies E of astrophysical interest, than σ(E).
We calculate S(E) for a number of fusion reactions using the São Paulo potential in the context of the barrier penetration model as outlined in previous studies [17, 18, 22] . The São Paulo potential is a parameter-free model for the real part of the nuclear interaction. Underpinning this potential are the contributions from nonlocality due to quantum effects arising from the Pauli exclusion principle [23] [24] [25] [26] . The interaction takes into account the exchange of nucleons between reacting nuclei. The potential has been extensively tested in the description of different nuclear interaction processes (such as quasi-elastic scattering and fusion reactions), over a broad spectrum of energies [22, 23, [27] [28] [29] [30] [31] [32] [33] [34] [35] . In the context of the São Paulo potential, the real part of the nuclear interaction is associated with the folding potential through the relation
where r is a distance between the centers of the reactants, and c is the speed of light. The exponential term houses the effects of Pauli nonlocality. The relative velocity v(r, E) of the nuclei in the given model at a separation r is defined as
where V C (r) is the Coulomb potential. The folding potential used in Eq. (3) has a field strength of V 0 = −456 Mev fm 3 ; it is given by V F (r) = ρ 1 (r 1 ) ρ 2 (r 2 ) V 0 δ(r − r 1 + r 2 ) dr 1 dr 2 .
It is convoluted over the nuclear matter densities ρ 1 (r 1 ) and ρ 2 (r 2 ) of the nuclei involved in the reaction. This technique is called the zero-range approach for the folding potential. It is equivalent [23] to adopting the M3Y effective nucleon-nucleon interaction with nucleon densities of nuclei. The barrier penetration model calculates the reaction cross section σ(E) using the standard partial wave (ℓ = 0, 1, . . .) decomposition and the effective potential V eff (r, E). The latter is constructed from the contributions of the Coulomb, nuclear and centrifugal potentials, V eff (r, E) = V C (r) + V SP (r, E) + 2 ℓ(ℓ + 1) 2µr 2 .
At low energies of our interest, the main contribution to σ(E) comes from the ℓ = 0 (s-wave) channel. Once σ(E) is calculated, we determine S(E) from Eq. (2). The systematics for the matter densities ρ 1 (r 1 ) and ρ 2 (r 2 ) obtained with a two-parameter Fermi (2pF) [23] shape might not be appropriate to provide the nuclear potential for reactions involving neutron-rich nuclei. The relativistic Hatree-Bogoliubov approach [36, 37] has been shown to perform well in describing nuclear properties across the nuclear chart, including the region of neutron-rich nuclei [36, 38, 39] . In the present manuscript, the density distributions of all nuclei were obtained within this approach, employing the NL3 [38] [17, 18] using the 2pF model, are now somewhat different.
We have already used [22, 27] the São Paulo potential with the NL3 nucleon density distribution in the context of the barrier penetration model and calculated S(E) for a number of reactions involving stable and neutron-rich nuclei. The results were compared with experimental data and with theoretical results calculated by other models such as coupled-channels and fermionic molecular dynamics ones. As detailed in [22] , the São Paulo potential gives reasonably accurate S(E) for non-resonant nuclear reactions; the method is parameter-free and relatively simple for generating a set of data for many reactions involving different isotopes.
Here we calculate astrophysical S-factors for 946 fusion reactions involving combinations of carbon, oxygen, neon, and magnesium isotopes as summarized in Table I . We consider 10 reaction types, such as C+C and O+Ne, with the range of mass numbers for both species given in Table I . For each reaction, we compute S(E) in the energy range from 2 MeV to a maximum value E max (also given in Table I ) in energy steps of 0.1 MeV. The value of E max was chosen in such a way that wide energies ranges below and above the Coulomb barrier are covered. The fifth column in Table I presents the number of considered reactions of a given type and the last column refers to a table which lists fit parameters of analytic approximation to S(E) for such reactions (Sec. III).
In this study we focus on systems of even-even nuclei. Due to pairing, these nuclei are expected to be more stable in the astrophysical burning environments in question, for instance, in an accreted crust of a neutron star [40] .
The quality of our data can be deduced from the analysis of Ref. [22] . We calculate a set of resonance-averaged S(E)-factors. Their values are uncertain due to nuclear physics effects -due to using the São Paulo model with the NL3 nucleon density distribution. The uncertainties were estimated [22] in comparison with other theoretical models and available experimental data. For the reactions involving stable nuclei, typical uncertainties are expected to be within a factor of 2, with maximum up to a factor of 4. For the reactions involving unstable nuclei, typical uncertainties can be as large as one order of magnitude, reaching two orders of magnitude at low energies for the reactions with very neutron-rich isotopes. These uncertainties reflect the current state of art in modelling the nuclear structure and fusion reaction mechanism; they affect S(E) and should be taken into account while using the data. The advantage of our data set is that it is wide and uniform. Note that the uncertainties in S(E), a factor of 2-10, may have no strong effect on the results of modelling of nuclear burning phenomena [22] .
III. ANALYTIC APPROXIMATION OF THE ASTROPHYSICAL S-FACTORS
All S-factors calculated here have been approximated by the analytic expression
which tends to 0 below the barrier and tends to 1 above the barrier.
• The parameter B 1 determines S(0) (expressed in MeV b):
The accuracy of extrapolating the approximated S(E) to E → 0 is high, as discussed below.
• The parameters B 2 (expressed in MeV −1 ) and B 3 (expressed in MeV −2 ) specify the energy dependence of S(E) at E < ∼ E C as
Therefore, S(E) at E < ∼ E C is actually determined by three parameters B 1 , B 2 , and B 3 out of the 9. This subbarrier energy range is sufficient for the majority of applications to stellar burning (Sec. V). The 3-parameter fit remains quite accurate (within few tens percent) at E ≤ E C − 2D (but becomes divergent at higher E; see Sec. IV for an example). The same parameters B 1 , B 2 , and B 3 contribute also to the S(E) dependence at E > ∼ E C [see Eq. (11)].
• The parameters C 1 (dimensionless), C 2 (expressed in MeV −1 ), C 3 (expressed in MeV −2 ), and C 4 (expressed in MeV −3 ), together with B 1 , B 2 , and B 3 , specify the S(E) dependence at E > ∼ E C (say, at E ≥ E C + 2D),
• In the last columns of Tables II-XI we give δ (in percentage), which is the maximum relative error of fitted S(E) values for each reaction over the energy grid points.
Note that the maximum fit error δ does not exceed 16% for all the reactions in this study (and is much lower in many cases). The maximum errors ∼10-16% occur only for reactions involving very neutron-rich nuclei. For the majority of reactions, maximum errors are realized either at E ∼ E C or at E ∼ E max . Root-mean-square relative errors over the energy grid points are a factor of 2 to 3 lower than maximum errors δ. Considering the much larger uncertainties associated with the nuclear-physics input of the calculated S(E) (Sec. II), our fit accuracy can be regarded as unnecessarily good. We keep it because it is good for a wide uniform data set. We expect that the same Eq. (7) can be used to approximate S(E) for other reactions, as well as for the here discussed reactions when recalculated (in the future) with more advanced nuclear physics models. As for the present S(E) data, they could have been approximated by Eq. (7) retaining 7 parameters out of the 9 (putting B 3 = C 4 = 0). The fit errors would be higher; in some cases the maximum errors would reach 30-40%.
Our calculations of S(E) are limited by E ≥ 2 MeV. Because of technical reasons (to solve the problem of quantum tunneling through a very thick Coulomb barrier) we cannot directly calculate S(0). However, our fit expression (7) is arranged in such a way that it insures the low-energy dependence S(E) = exp(B 1 + B 2 E + B 3 E 2 ) that is predicted on theoretical grounds (e.g., Ref. [2] ). Moreover, while fitting the data we have tried to reach best fit accuracy at low E (that is most important for astrophysical applications). For that purpose, any S(E) fit was done in three stages. First, we have fitted all data points by Eq. (7) and determine preliminary values of all fit parameters. Second, we have fitted only subbarier S(E) points (2 MeV ≤ E ≤ E C − 2.5D) by Eq. (10) to find B 1 , B 2 , and B 3 (obtaining thus an accurate description at low E). Third, we have refitted the entire S(E) data set by Eq. (7) 84 MeV b only by 6%. This indicates that the extrapolation to E → 0 should be reliable.
FIG. 1: (Color online)
Analytic approximations of S(E) for the C+C reactions involving different isotopes. The curves from bottom to top refer to (A1, A2)= (10,10), (12, 12) , (12, 16) , (12, 20) , (16, 16) , (12, 24) , (16, 20) , (16, 24) , (20, 20) , (20, 24) , and (24, 24) reactions. Solid curves show the 9-parameter approximation (7); dashed curves (plotted at E ≤ EC + 0.3 MeV) show the 3-parameter approximation (10) . Filled dots correspond to E = EC.
As an example, Fig. 1 presents the approximated S(E) dependence for the C+C reactions with (A 1 , A 2 )= (10,10), (12, 12) , (12, 16) , (12, 20) , (16, 16) , (12, 24) , (16, 20) , (16, 24) , (20, 20) , (20, 24) , and (24, 24) . The solid lines show our 9-parameter approximation (7); they coincide with the calculated data points in the adopted logarithmic S-scale. Thus we do not present the calculated points to simplify the figure. We plot our fit expression not only in the energy range, where calculations are done (from 2 to 17.9 MeV, Table I ), but extrapolate also beyond this range (from E = 2 MeV to E = 0, and from 17.9 MeV to 20 MeV). The thick dots mark the Coulomb barrier threshold, E = E C . One can see that, indeed, the behavior of S(E) below and above the Coulomb barrier is distinctly different, and the transition from one regime to the other takes place within a narrow energy range at E ≈ E C . For heavier isotopes (with larger nucleus radii), the Coulomb barrier decreases, which increases the S(E) curve. The value of S(0) for the reaction involving heaviest isotopes ( 24 C+ 24 C) is approximately 15 orders of magnitude larger than for the reaction of lightest isotopes ( 10 C+ 10 C). Finally, the dashed curves in Fig. 1 show our 3-parameter S(E) approximation (10). It is seen to be fairly accurate below the Coulomb barrier, but becomes inaccurate in the vicinity of E = E C and at larger E. (Table I) . The curves for each reaction type are enclosed by the (thick) curves for the (indicated) reactions involving lightest and heaviest isotopes. Filled dots refer to E = EC . Figure 2 shows the S(E) dependence for all 36 C+C reactions, 112 C+Mg reactions, 105 Mg+Mg fusion reactions considered in this study (Table I) . The curves are 9-parameter fits (7) , and the thick dots again mark the Coulomb barrier threshold, E = E C . The curves for each fusion type (C+C, C+Mg, Mg+Mg) are enclosed by the thick curves for the reactions involving lightest and heavies isotopes (for instance, 10 
In this particular example, the fitted value deviates only by 0.006% from the value S(5 MeV) = 5.1226 MeV b calculated using the São Paulo potential. Since our chosen energy E = 5 MeV is lower than the Coulomb barrier height, E C ≈ 19 MeV, we can also calculate S(E) using our 3-parameter fit. From Eq. (9) we obtain S(0) = exp(100.480) = 4.3459 × 10 43 MeV b,
and from Eq. 
in excellent agreement with the result (12) of the 9-parameter fit. The S(E) dependence for the 20 Ne+ 24 Mg reaction is plotted in the upper panel of Fig. 3 . The solid and dashed lines are the 9-and 3-parameter fits, respectively. In the lower panel we show relative errors of fitted values of S(E) [not of log S(E)] with respect to the calculated values. We see that the 9-parameter fit is accurate over the entire energy range, in which original S(E) values have been calculated (Table I ). The maximum fit error of ≈1.2% occurs at E = 15.8 MeV (and the root-mean-square fit error over all grid points is ≈ 0.6%). The three-parameter fit (10) stays highly accurate below the Coulomb barrier but diverges when E exceeds E C . For instance, at E = 25 MeV it overestimates S(E) by more than two orders of magnitude.
V. REACTION RATES
In the following we discuss the calculation of fusion reaction rates R [cm −3 s −1 ] in stellar environments. Any reaction rate R depends on the environmental conditions such as temperature, density and composition of stellar matter. We cannot present tables of the reaction rates covering the entire parameter space but give a short description how the tabulated S-factors can be easily utilized for deriving the reaction rates.
We limit our discussion to the formalism for non-resonant reaction rates since the calculated S-factors presented here are entirely characterized by non-resonant cross section behavior. If the cross section is dominated by strong resonances the formalism should be modified by adding the resonance contribution separately (e.g., Ref. [41] ).
As a rule, the main contribution to non-resonant rates comes from nucleus-nucleus collisions in a narrow energy range E ≈ E pk , and S(E) is a slowly varying function of E. Then R can be expressed through S(E pk ). In particular, in the thermonuclear regime, neglecting the effects of plasma screening, E pk is the standard Gamow-peak energy and the reaction rates are given by the well-known classical theory of thermonuclear burning (e.g., Refs. [1] [2] [3] ). This regime is realized at sufficiently high temperatures of stellar matter when the nuclei form almost ideal Boltzmann gas. Even in this regime E pk is typically lower than E C , and S(E) can be approximated by our 3-parameter fit (10) without any loss of accuracy in the reaction rate. If, however, one needs an accurate reaction rate at so high temperatures that E pk > ∼ E C , one should exactly calculate the rate by integrating over E with the full 9-parameter fit (7) for S(E). The same fit can also be used for evaluating the reaction cross sections σ(E) in astrophysical studies and nuclear physics laboratory experiments.
At lower temperatures the Gamow peak approach remains as a valid approximation but one should take into account the plasma screening effects and a possible transition to the pycnonuclear burning regime. In this case the equations for reaction rates should be modified. These modifications are described in the literature (e.g., Refs. [17] [18] [19] [20] and references therein). They are model-dependent, but in any case they contain the values of S(E) at certain "Gamowpeak" energies E pk (that are also modified by the plasma screening and pycnonuclear burning effects, and depend on T and ρ). Such energies are typically much lower than E C , so that our 3-parameter fits apply.
Specifically, Ref. [17] gives the expressions (Sec. III.G of [17] ) for reaction rates in one-component ion plasma in all 5 burning regimes. Ref. [18] generalizes these expressions (Sec. III.G of [18] ) to the case of multicomponent ion plasma. The authors of Refs. [19] and [20] present more accurate calculations and approximations of reaction rates in one-component and multi-component ion plasma, respectively. They use the WKB Coulomb tunneling approximation in a radial mean field plasma potential (that was extracted from extended Monte Carlo simulations of classical strongly coupled ion plasmas). Their results are valid in the thermonuclear burning regime and in the intermediate thermopycno nuclear regime (it is possible that they can also be extended to lower temperatures). In these regimes, the enhancement factors of nuclear reaction rates due to plasma screening effects, given in Refs. [17] [18] [19] [20] , are in a reasonably good agreement. In the pycnonuclear regimes (at zero temperature and with thermal enhancement) the results [17, 18] are model dependent due to plasma physics uncertainties. For that reason, the authors of [17, 18] present optimal (recommended) as well as maximum and minimum theoretical reaction rates.
Note an omission in Ref. [17] : the expression for the parameter λ, given by Eq. (24) in [17] , for pycnonuclear burning models in face-centered cubic crystals has to be divided by 2 1/3 . This omission did not affect our choice of optimal, maximum, and minimum reaction rates in [17] , and our results in [18] . In addition, notice two typos in [18] . In Eq. (32) of [18] there should be the exponent sign exp before the last term in brackets in the expression for F pyc ; in Eq. (33) the product x i x j must be replaced by X i X j . Also notice that in Refs. [17, 18] we neglected the Coulomb shifts of nucleus energy levels in dense matter in the expression for E pk at low temperatures (in pycnonuclear burning regimes). These effects can influence the reaction rates at low T if S(E) is not a very slowly varying function of E. Such shifts of E pk have been mentioned in the literature (e.g., Ref. [41] ) and were parameterized in [20] . We recommend to use Eq. (35) of Ref. [20] to calculate E pk at all densities and temperatures. The use of Eq. (40) of Ref. [18] is also possible (gives correct rates of the reactions of study, within nuclear physics uncertainties, for those densities and temperatures, where these reactions are most efficient).
For illustration of the procedure, Fig. 4 presents the rate of the previously discussed example 20 Ne+ 24 Mg as a function of density and temperature of matter composed of 20 Ne and 24 Mg nuclei with equal number densities of Ne and Mg nuclei. The rate is calculated using the optimal model of the reaction rate from Ref. [18] . We show a wider ρ − T range than the range, where these nuclei can really exist in stellar matter, in order to demonstrate all features of the reaction rate; these features are qualitatively the same for all reactions of our study. One can see a strong temperature dependence of the rate at high T in the thermonuclear burning regimes, and a strong density dependence at high ρ and low T in the pycnonuclear regimes.
Finally, let us note again that nuclear physics uncertainties of our calculated S(E) are not small (Sec. II) and they translate into uncertainties in the reaction rates. However, as we analyzed in [22] , such uncertainties are often not very important for astrophysical applications. 
VI. CONCLUSIONS
Using São Paulo method and the barrier penetration model we have calculated the astrophysical S-factor as a function of energy for 946 fusion reactions involving various isotopes of C, O, Ne, and Mg, from the stability valley to very neutron-rich nuclei. The calculations have been performed on a dense grid of center-of-mass energies E, from 2 MeV to 18-30 MeV, covering wide energy ranges below and above the Coulomb barrier.
We fit calculated S(E) values by a simple and accurate universal 9-parameter analytic formula, and present tables of fit parameters for all the reactions. The fit error does not exceed 16%. The formula allows extrapolating S(E) outside the considered energy range, particularly, to lower energies E → 0 of astrophysical interest. We have also shown that the reduced fit expression, containing 3 fit parameters out of 9, is fairly accurate at energies below the Coulomb barrier and sufficient for accurate calculations of the reaction rates at not too high temperatures of stellar matter.
Our results can be used in computer codes for calculating nuclear fusion rates and simulating various phenomena associated with nuclear burning in high temperature and/or high density astrophysical and laboratory plasmas. In particular, they can be used for modelling nuclear burning in massive accreting white dwarfs (type Ia supernovae) or in accreting neutron stars (superbursts, deep crustal burning in X-ray transient sources). Nuclear burning at high densities in these compact stars can involve neutron-rich nuclei considered in the present paper.
The calculated S(E) factors are rapidly varying functions of energy E. Their values for various reactions can differ by many orders of magnitude. On the other hand, their energy dependence looks self-similar over a broad spectrum of the reactions. We will address these findings in a separate publication. 
